Abstract. Let G = (V0; V1; E) be a connected bipartite graph, where V0; V1 is the bipartition of the vertex set V (G) into independent sets. A bipartite drawing of G consists of placing the vertices of V0 and V1 into distinct points on two parallel lines x0 ; x1, respectively, and then drawing each edge with one straight line segment which connects the points of x0 and x1 where the endvertices of the edge were placed. The bipartite crossing number of G, denoted by bcr(G) is the minimum number of crossings of edges over all bipartite drawings of G. We develop a new lower bound method for estimating bcr(G). It relates bipartite crossing numbers to edge isoperimetric inequalities and Laplacian eigenvalues of graphs. We apply the method, which is suitable for \well structured" graphs, to hypercubes and 2-dimensional meshes. E.g. for the n?dimensional hypercube graph we get n4 n?2 ? O(4 n ) bcr(Qn) n4 n?1 : We also consider a more general setting of the method which uses eigenvalues, but as a trade-o for generality, often gives weaker results.
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of crossings of edges over all bipartite drawings of G. The bipartite crossing number is one of the parameters which strongly in uences the aesthetics of drawings of hierarchical graphs. The problem of nding the bipartite crossing number is a variant of the standard crossing number problem, see e.g. 21] , and was rst introduced by Harary 13 ] and Harary and Schwenk 14]. In 14], they proved bcr(G) = 0 i G is a caterpillar. Further, they obtained the exact values of the bipartite crossing numbers of subdivisions of complete and complete bipartite graphs. For even cycles they showed bcr(C 2n ) = n ? 1: The bipartite crossing number problem was also proposed by Watkins 26] independently. Some basic observations on bcr(G) were made by May and Szkatula 19] . The bipartite crossing number problem is known to be NP-complete 12] but can be solved in polynomial time for bipartite permutation graphs 22], and trees 20]. A great deal of research has been devoted to the design of algorithms and heuristics for solving this problem 7, 11, 16, 23, 25] . Brandenburg, J unger und Mutzel 6] have called for some entirely new approaches because the usual heuristics do not give good results for the bipartite crossing number. The latest progress in this area was made in 20] in which we have shown an intimate relationship between the bipartite crossing number problem and the optimal linear arrangement problem. These result have led to the rst provably good approximation algorithms for computing bcr(G). The restricted problem when the positions of the vertices of V 0 are given is also NP-complete 11] and frequently appears in drawing of hierarchical graphs 7, 25] , see also the survey 10]. Eades and Wormald 11] designed a polynomial time algorithm which approximates the bipartite crossing number within a multiplicative factor of 3 in this restricted problem.
In this paper we develop a new lower bound argument which is suitable for \well structured graphs". The argument relates the bipartite crossing number of a graph to the edge isoperimetric inequality of the graph. We apply our new lower bound technique for two instances of important graphs: hypercubes and two-dimensional meshes. We obtain here substantially better lower bounds on the bipartite crossing number of theses graphs than the bounds that one can obtain by using the general results in 20]. For the meshes we get n; and for the n?dimensional hypercube graph we get n4 n?2 ?O(4 n ) bcr(Q n ) n4 n?1 : It is worth mentioning that especially for the 3 n mesh M(3; n) we get an exact result bcr(M(3; n)) = 5n ? 6: We close the paper by describing a general framework to give lower bounds for bipartite crossing numbers using Laplacian eigenvalues and we develop our ideas on the two examples. Given an arbitrary graph G = (V; E), and a bijection F : V ! f1; 2; 3; :::; jV jg, de ne the length of F, as P uv2E jF(u)?F(v)j: The optimal linear arrangement problem is to nd a bijection F, of minimum length. This minimum value is denoted by L(G), the optimal linear arrangement value of G. For X V de ne @(X) = fuv 2 E : u 2 X; v 2 V ? Xg:
We call @(X) the edge boundary of X. The general objective is to nd a good approximating and easily described real function f(x) such that j@(X)j f(jXj);
for all X V (G). Such an inequality is called an edge isoperimetric inequality we get lower and upper bounds for bcr(M(m; n)). The issue here is to improve these bounds by constant multiplicative factors. Now we will improve the upper bound by a \column after column" drawing and the lower bound by a new lower bound argument. We excluded from Theorem 3.1 the cases m = 2; 3: The result bcr(M(2; n)) = n?1 can be easily deduced from the optimal bipartite drawing of the even cycle C 2n , 14].
Theorem 3.2 For n 3 it holds:
bcr(M(3; n)) = 5n ? 6: Proof. Upper bound. First place all vertices of M(3; n) on x 0 in a column after column manner. Then project the vertices of V 1 on x 1 . It is easy to see by induction on n that the resulting drawing has 5n ? 6 crossings. f(x) = x(n ? log x); if 1 x 2 n?1 ; (2 n ? x)(n ? log(2 n ? x)); if 2 n?1 x 2 n :
(Here log denotes logarithm based 2.) An edge isoperimetric inequality for hypercubes (see e.g 9]) says that for any X Q n , the inequality j@(X)j f(jXj) The connection between eigenvalues and isoperimetric inequalities has been subject of study since long. We recall the following theorem from Section 2. 
Using (2) Therefore in this way we cannot get anything as good as our lower bound in Theorem 3.1. Note that 17] has developed a lower bound for the linear arrangement value of a graph in terms of the smallest positive Laplacian eigenvalue. This lower bound can be combined with (1) to obtain a bound (5). However, due to the large constant in (1), formula (5) is expected to give tighter bounds.
Concluding Remarks
We introduced a new method for establishing lower bounds on bipartite crossing numbers. The method is based on edge isoperimetric inequalities. By means of the new method we essentially improved the previous lower bounds for meshes and hypercubes. The method is especially well suited for \well structured graphs", for which good edge isoperimetric inequalities and/or the smallest positive Laplacian eigenvalue are known 2]. Our upper and lower bounds still leave space for possible improvements. We believe that the upper bounds are closer to the optimal values than the lower bounds.
